Oscillation damping of chiral string loops by Babichev, Eugeny & Dokuchaev, Vyacheslav
ar
X
iv
:h
ep
-p
h/
02
04
30
4v
1 
 2
6 
A
pr
 2
00
2
Oscillation damping of chiral string loops
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Chiral cosmic string loop tends to the stationary (vorton) configuration due to the energy loss
into the gravitational and electromagnetic radiation. We describe the asymptotic behaviour of
near stationary chiral loops and their fading to vortons. General limits on the gravitational and
electromagnetic energy losses by near stationary chiral loops are found. For these loops we estimate
the oscillation damping time. We present solvable examples of gravitational radiation energy loss
by some chiral loop configurations. The analytical dependence of string energy with time is found
in the case of the chiral ring with small amplitude radial oscillations.
PACS numbers: 11.27.+d 98.80Cq
I. INTRODUCTION
Cosmic strings are one-dimensional topological defects
which may have formed during phase transition in the
early universe [1, 2, 3]. Witten [4] has shown that strings
could be superconducting in certain particle physics mod-
els. The presence of current in a string leads to the princi-
pal specific feature: the superconducting string loop may
form a stable stationary configuration [5, 6, 7]. Cosmic
strings lose their energy on gravitational and electromag-
netic radiation (if string is superconducting). As a result,
the “ordinary” not extremely long cosmic strings without
the current evaporate completely during the cosmological
time. On the contrary the superconducting string loops
could survive due to the presence of conserved “charge”
and tend to the stable configuration which is named the
chiral vorton [5].
Numerous works were devoted to calculations of the
gravitational and electromagnetic radiation by cosmic
strings (see reviews and references in [8, 9]). Unfortu-
nately the general problem of the motion of a super-
conducting cosmic string coupled to the electromagnetic
field is not solved analytically. The using of Nambu-Goto
equations of string motion in general case results in the
singular cusp formation and the divergence of the elec-
tromagnetic power radiated by the string. Nevertheless
equations of motion can be solved precisely [10, 11, 12] if
(i) the gauge field influence on the string motion is neg-
ligible, e.g. when the superconducting current is neutral,
and (ii) the string current Ja is chiral, i. e. JaJa = 0,
where Ja is a two-dimensional current on the string world
surface. It turns out that electromagnetic power radiated
by the cusp of chiral cosmic strings is finite [13].
Self-consistent calculations of string evolution with
time is complicated by the influence of the radiation back
reaction on the string motion (see some approaches to nu-
merical calculations of back reaction in [15]). In this work
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we consider the electromagnetic and gravitational radi-
ation by chiral strings loops which are close to the sta-
tionary vorton state (when amplitude of loop oscillations
is very small). In this case it is physically justified the
supposition that all string oscillations are faded out. We
determine the upper bounds on gravitational and electro-
magnetic radiation of near stationary chiral loops when
oscillations are small in amplitude. For some simple con-
figurations of the string loops we calculate both types of
radiation. We also find the analytical law for behavior
in time of the string loop energy and current basing on
the symmetries of the problem in the case when the final
vorton configuration is the chiral ring and oscillations
are radial. For some other less symmetric examples of
loops we estimate the damping time of small amplitude
oscillations. It turns out that in all considered exam-
ples the oscillation damping time of chiral strings due to
gravitational radiation is order of magnitude longer than
the known lifetime estimations for the “ordinary” cosmic
strings without the current.
The paper is organized in the following order. Sec-
tion II describes the general properties of the motion
of chiral string loop in flat space-time. In Section III
we consider the gravitational and electromagnetic radi-
ation of the chiral string loops. The radiation power
of the near stationary chiral loop with small amplitude
oscillations is determined and the corresponding upper
bounds for gravitational and electromagnetic radiation
are found. Some solvable examples of near stationary
chiral strings including radially oscillating ring are pre-
sented in Section IV. In Section V the damping time of
weakly oscillating chiral loops is estimated and the exact
time evolution law for radially oscillating chiral ring is
found. Section VI briefly summarizes some features of
the oscillation damping of chiral loops.
II. CHIRAL STRING MOTION
We remind here the known basic properties of chi-
ral string motion in flat space-time required for the fol-
lowing calculations. The moving string sweeps a two-
2dimensional world-sheet in the Minkowski space-time.
The corresponding space-time points on this world-sheet
xµ = xµ(σa), where indices a = 0, 1, and σ0 and σ1
are coordinates on a two-dimensional world-sheet. If the
back reaction of electromagnetic and gravitational radi-
ation is negligible, then equations of motion of the string
with a current is given by [4, 22]
∂a
[√−γ (µγab + θab)xν,b] = 0,
∂a
(√−γγabφ,b) = 0, (1)
where γab = ηabx
µ
,ax
ν
,b is the induced metric on a two-
dimensional world-sheet, µ is the energy of a string per
unit length, φ is the auxiliary scalar field and θab is the
energy-momentum tensor of the charge carriers
θab = γacγbdφ,cφ,d − 1
2
γabγcdφ,cφ,d . (2)
The conserved current on a two-dimensional world-sheet
is written in terms of the scalar field
Ja =
q√−γ ǫ
abφ,b , (3)
where q is the coupling constant of the fields in the string.
The four-dimensional current is expressed through (3) as
[22]
jµ(x) =
∫
d2σ
√−γJaxµ,aδ(4)(x− x(σ)). (4)
If this current is chiral, i. e.
JaJa = 0, (5)
then equations of motion (1) can be solved analytically
[5, 10, 12]. This solution for the chiral string with an
invariant length L is
x0 = t, x(t, σ) =
L
4π
[a(ξ) + b(η)] , (6)
where a(ξ) and b(η) are the vector functions of ξ =
(2π/L)(σ − t) and η = (2π/L)(σ + t) obeying the con-
straints:
a
′2 = 1, b′
2 ≤ 1 (7)
For closed strings (with identified ends) the vector func-
tions a(ξ) and b(η) define loops which are called a- and
b- loops. The corresponding solution for scalar field is
φ(σ, t) =
L
2π
F (η), (8)
where F (η) is an arbitrary function. It is useful to de-
fine b′
2 ≡ k2(η). Then new function k(η) is expressed
through F (η) in the following way:
k2(η) = 1− 4F
′2(η)
µ
. (9)
At k = 0 the chiral string becomes vorton.
The energy-momentum tensor of the string in this
gauge
T µν = µ
∫
dσ (x˙µx˙ν − x′µx′ν) δ(3) (x− x(σ, t)) , (10)
and correspondingly the string total energy
E = µ
∫
dσ, (11)
with σ to be the measure of the string total energy. The
four-dimensional current (4) can be written as
jµ(x, t) = q
∫
dσφ′(x′µ − x˙µ)δ(3) (x− x(σ, t)) , (12)
with the total charge for the closed string loop
qtot =
q
√
µ
2
∫
dσ
√
1− k2. (13)
III. CHIRAL STRING RADIATION
A. Gravitational radiation
In the case of the periodic physical systems with pe-
riod T for the energy-momentum tensor Tµν we will have
T µν(x, t) = T µν(x, t+ T ). Fourier series for Tµν is
T µν(x, t) =
∞∑
l=1
e−iωltT µν(ωl,x) + c.c, (14)
where c.c denotes the complex conjugation of the pre-
ceding expression, ωl = 2πl/T is the frequency and
T µν(ωl,x) =
1
T
∫ T
0
dteiωltT µν(x, t). (15)
For T µν(ωl,x) we have Fourier transform
Tˆ µν(ωl,n) =
∫
d3xT µν(ωl,x)e
−iωlnx (16)
where n = x/|x|.
The corresponding gravitational power, radiated per
unit solid angle dΩ by periodic system is given by [16]
dE˙gr
dΩ
=
∞∑
l=1
dE˙gr(ωl)
dΩ
, (17)
where
dE˙gr(ωl)
dΩ
=
Gω2l
π
PijPlm[Tˆ
∗
ilTˆjm −
1
2
Tˆ ∗ij Tˆlm]. (18)
Here Pij = δij − ninj is the projection operator to the
plane perpendicular to vector n. It is possible to simplify
the equation (18) further if rewrite it in the ‘corotating’
3basis (e′1, e
′
2, e
′
3) = (n,v,w), where v and w are the arbi-
trary unit vectors, perpendicular each other and to vector
n. In this corotating basis (18) transforms to [17]
dE˙gr(ωl)
dΩ
=
Gω2l
π
[τ∗pqτpq −
1
2
τ∗qqτpp]. (19)
where τpq are correspondingly the Fourier-transforms
of an energy-momentum tensor in the corotating basis.
Only indexes p, q with values 2 and 3 appear in the equa-
tion (19). The Fourier-transforms τpq can be expressed
in the following way [17]
τpq(ωl,n) = −Lµ
2
[Ip(l)Yq(l) + Yp(l)Iq(l)], (20)
where functions Ip(l) and Yq(l) are determined through
”fundamental integrals”
I2(l) ≡ Il(n,v), I3(l) ≡ Il(n,w),
Y2(l) ≡ Yl(n,v), Y3(l) ≡ Yl(n,w). (21)
with
Il(n, z) ≡ 1
2π
∫ 2pi
0
dξe−il(ξ+na(ξ))a′(ξ)z, (22)
Yl(n, z) ≡ 1
2π
∫ 2pi
0
dηeil(η−nb(η))b′(η)z. (23)
Using functions (22) and (23) we rewrite the gravitational
power (19) radiated per unit solid angle at frequency ωl =
4πl/L in the final form
dE˙grl
dΩ
= 16πl2Gµ2
{
|I2(l)Y2(l)|2 + |I3(l)Y3(l)|2
+
1
2
|I2(l)Y3(l) + I3(l)Y2(l)|2 (24)
− 1
2
|I2(l)Y2(l) + I3(l)Y3(l)|2
}
.
B. Electromagnetic radiation
We will consider the electromagnetic radiation of chiral
strings close to the stationary configuration, i. e. when
the current is near to its maximum value. For the op-
posite limiting case of electromagnetic radiating by the
strings with a weak electromagnetic current see [13, 14].
Similar to the case of the gravitational radiation, the
electromagnetic power emitted per solid angle dΩ is ex-
panded in Fourier series:
dE˙em
dΩ
=
∞∑
l=1
dE˙em(ωl)
dΩ
. (25)
Expanding the electromagnetic current jµ in Fourier se-
ries we find
jµ(x, t) =
∞∑
l=1
e−iωltjµ(ωl,x) + c.c, (26)
where
jµ(ωl,x) =
1
T
∫ T
0
dteiωltT µ(x, t). (27)
Fourier transforms of jµ are
jˆµ(ωl,n) =
∫
d3xjµ(ωl,x)e
−iωlnx. (28)
Then expanding in standard way the retarded solution
of Maxwell equations for electromagnetic potential in
Lorenz gauge Aµ = −4πjµ in series of 1/r, taking the
leading term and substituting in formula for electromag-
netic radiation [21] dE˙em/dΩ = E ×H/4π one can find
finally
dE˙em(ω)
dΩ
=
ω2
2π
ι∗pιp. (29)
Here ιp is the Fourier transform of electromagnetic cur-
rent in the corotating basis. In the case of chiral loop ιp
can be expressed in the following way:
ιp(ωl,n) =
Lq
√
µ
2
Ip(l)M(l), (30)
where Ip is from (21) and
M(l) ≡ 1
2π
∫ 2pi
0
dηeil(η−nb(η))
√
1− |b′(η)|2. (31)
Using functions (22) and (31) we rewrite the electromag-
netic power, radiated per unit solid angle at frequency ωl
in the final form
dE˙eml
dΩ
= 2πl2q2µ
(
|I2(l)|2 + |I3(l)|2
)
|M(l)|2 (32)
C. Radiation of near stationary loops
Now we may consider in more details the small am-
plitude oscillations of the chiral string loop, i. e. when
string is near to its stationary state. This means that
arbitrary function b(η) in the solution for string motion
(6) is such b′(η) = k(η) ≪ 1. If three-dimensional coor-
dinates are chosen so that a b-loop is near to the origin
of coordinate system (e. g., b-loop intersects exactly the
origin of coordinate system) then b(η) ≪ 1. In this case
we can neglect the term nb in the first order of expansion
on parameter k in the exponent of (23). As a result we
obtain
Yl(n, z) ≃ 1
2π
∫ 2pi
0
dηeilηb′(η)z (33)
and therefore Yl(n, z) in this case is l-th Fourier compo-
nent b′(η)z. To find the first order expansion on k in
(31) we should take into account not only zero, but also
4the first term in expansion of the exponent exp(−ilnb).
This gives
M(l) ≃ −i l
2π
∫ 2pi
0
dηeilηnb. (34)
This provides the opportunity to determine an upper
limit of the gravitational radiation power in the case of
near stationary chiral loops. From (24) it follows
∣∣∣∣∣
dE˙gr(ωl)
dΩ
∣∣∣∣∣ ≤ 8πGµ2l2
{
[ |I2(l)Y2(l)|+|I3(l)Y3(l)| ]2
+ [ |I2(l)Y3(l)|+ |I3(l)Y2(l)| ]2
}
. (35)
Let us assume now, that b(η) is twice continuously differ-
entiable, and b′′′(η) is piece-wise continuous. Successive
double integration by parts in (33) gives
Yl(n, z) = − 1
2πl2
∫ 2pi
0
dηeilηb′′′(η)z. (36)
From (36) it follows the inequality
|Yl(n, z)| ≤ b3
l2
, (37)
where b3 is a maximum value |b′′′(η)| on the segment
η ∈ (0, 2π). Using (35), (37) and obvious relation |I2| ≤ 1
we find ∣∣∣∣∣
dE˙grl
dΩ
∣∣∣∣∣ ≤ 8πGµ2
b23
l2
. (38)
Integration of (38) over the unit sphere and successive
summation over l using relation
∑∞
l=1 l
−2 = π2/6 gives
the requested upper limit for the gravitational radiation
power
∣∣∣E˙gr
∣∣∣ ≤ 32π4b23Gµ2. (39)
Similarly in the case of electromagnetic radiation inte-
grating (34) three times by parts and using (32) we find
∣∣∣E˙em∣∣∣ ≤ 4
3
π4b23q
2µ. (40)
The presence the third derivative b′′′(η) in (39) and (36)
is not surprise and resemble the quadruple gravitational
radiation formula (see e. g. [21])
E˙ =
G
45
···
D2ij (41)
with the third time derivative of the quadruple momen-
tum Dij . Electromagnetic radiation contains d¨ in dipole
approach, where d is the dipole moment. Arguing simi-
larly it may seem, in this case, that we need restriction
on a second derivative b(η), not the third. But in the
first order of expansion on k dipole radiation is equal to
zero, the first non-zero term is quadruple, therefore we
again obtain dependence from b′′′.
Note that requirement of restriction of the third deriva-
tive b′′′ is not necessary in general. For example, if
the string has kinks (see below) then the first deriva-
tive b′ is discontinuous (and, consequently Yp(l) ∝ 1/l,
M(l) ∝ 1/l). Convergence of series (17) and (25) in this
case is ensured by the behavior of fundamental integrals
Ip(l) ∝ 1/l at l≫ 1.
IV. NEAR STATIONARY LOOPS
It is possible to derive rather simple expressions for the
total power radiated by the chiral loops in the limit when
loops are very close to their stationary states, i. e. k ≪ 1
in (7). Additionally it is supposed that k does not depend
on η and therefore the current jµ is constant along the
string. Using expansion of (24) and (32) in powers of
k, the corresponding gravitational and electromagnetic
power can be written in the form:
E˙gr = KgrGµ2k2, E˙em = Kemq2µk2, (42)
where Kem and Kgr are numerical factors, depending
only on the loop geometry. We see that radiation power
of the near stationary chiral loops is proportional to k2.s
The geometrical numerical factor Kgr in turn is con-
nected with the corresponding parameter Γ in equation
E˙gr = ΓGµ2 by relation
Γ = Kgrk2. (43)
A. Multiply wound chiral loop
The first simple solvable example of a near stationary
loop radiation is the multiply wound chiral string [11]:
a =
1
m
(cosmξ, − sinmξ, 0),
b =
k
n
(cosnη, − cosΦ sinnη, − sinΦ sinnη), (44)
where m,n are integer (harmonic numbers). For nonzero
Fourier component indexes in (17) and (25) the following
condition is held: l = κm = λn, where κ and λ are
integers (see Appendix A for details). In all other cases
dE˙grl /dΩ = dE˙
em
l /dΩ = 0. Let λ be the minimum integer
such as κm = λn. In this case first non-zero term in
expanding of the energy on k is proportional to k2λ:
E˙gr ≃ Kgr(κ, λ,Φ)l2k2λGµ2,
E˙em ≃ Kem(κ, λ,Φ)l2k2λq2µ, (45)
where Kgr(κ, λ,Φ) and Kem(κ, λ,Φ) are numerical fac-
tors depending on geometrical string configuration. For
example, the particular case with m = n = 1 and Φ = 0
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FIG. 1: Oscillations of the piece-wise chiral string (51). When oscillating, string goes in successive sequence positions with
the T/4 step, where the oscillation period T = L/2.
in (44) corresponds to pure radial oscillations of the chiral
loop:
a = (cos ξ, − sin ξ, 0),
b = k(cos η, − sin η, 0). (46)
In this case the first non-zero term in expanding of radi-
ated power on k is proportional to k2. Therefore taking
into account only first term in expanding (17) we have
(A13)
I2(1) =
1
2
e−iφ[J2(− sin θ) +J0(− sin θ)] cos θ,
I3(1) =
i
2
e−iφ[J2(− sin θ)−J0(− sin θ)]. (47)
By keeping the leading nonzero term at k ≪ 1 we obtain
(A17)
Y2(1) =
k
2
eiφ cos θ,
Y3(1) = i
k
2
eiφ,
M(1) =
k
2
eiφ sin θ. (48)
Substituting (47) and (48) in (24) and (32) we find
dE˙gr
dΩ
≃ Gµ
2πk2
2
{
[J2(− sin θ)− J0(− sin θ)]2+
2
[
3J22 (− sin θ)− J20 (− sin θ)
]
cos2 θ +
[J2(− sin θ) + J0(− sin θ)]2 cos4 θ
}
,
dE˙em
dΩ
≃ πk
2q2µ
8
{
[J2(− sin θ)− J0(− sin θ)]2+
[J2(− sin θ) + J0(− sin θ)]2 cos2 θ
}
sin2 θ. (49)
Integration over the unit sphere in (49) gives
Kgr = π2
∫ pi
0
dθ sin θ
{
[J2(sin θ)− J0(sin θ)]2 +
2
[
3J22 (sin θ)− J20 (sin θ)
]
cos2 θ+
[J2(sin θ) + J0(sin θ)]
2 cos4 θ
}
,
Kem =
∫ pi
0
dθ sin3 θ
{
[J2(sin θ)− J0(sin θ)]2+
[J2(sin θ) + J0(sin θ)]
2 cos2 θ
}
. (50)
with numerical values for Kgr = 4.73 and Kem = 2.28.
B. Piece-wise string evolution
Let us consider now the second example of chiral string
loop
a = A
{
(ξ − π/2) , 0 ≤ ξ ≤ π,
(−ξ + 3π/2) , π ≤ ξ ≤ 2π,
b = kB
{
(η − π/2) , 0 ≤ η ≤ π,
(−η + 3π/2) , π ≤ η ≤ 2π, (51)
where A and B are constant unit vectors. This is the
generalization of ordinary piece-wise string loop without
the current [18] to the chiral current case. See Fig. 1
for visualisation of this chiral loop oscillations. For fun-
damental integrals (21) and function M(l) from (31) we
obtain in this case respectively
I2(l) = −
ivA
[
eilpiknB/2 − (−1)le−ilpiknB/2]
πl [1− (nA)2] , (52)
I3(l) = −
iwA
[
eilpiknB/2 − (−1)le−ilpiknB/2]
πl [1− (nA)2] ,
Y2(l) =
ikvB
[
eilpiknB/2 − (−1)le−ilpiknB/2]
πl [1− (knB)2] ,
Y3(l) =
ikwB
[
eilpiknB/2 − (−1)le−ilpiknB/2]
πl [1− (knB)2] ,
M(l) =
iknB(1−k2)1/2[eilpiknB/2 − (−1)le−ilpiknB/2]
πl [1− (knB)2] .
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FIG. 2: Projections of the stretched string loop (57) with an invariant length L and oscillation period T = L/2 on the fixed
two-dimensional plane. The string is shown in successive moments of time with the step of T/4. The small parameter k is
chosen to be equal 0.5 for better visuality.
Functions Yp(l) decrease here as 1/l with growing of l.
Combining with similar behavior of Ip(l) ∝ 1/l, this pro-
vides the convergence of energy series in (17) and (25).
As a result for the gravitational and electromagnetic ra-
diation of the nearly stationary chiral loop (51) we obtain
respectively
dE˙grl
dΩ
=
32Gµ2
π3l2
[
1− (−1)l cos(lπnA)] [1− (−1)l cos(lπknB)]
[1− (nA)2] [1− k2(nB)2]2
[
1− (nB)2] k2,
dE˙eml
dΩ
=
8q2µ
π3l2
[
1− (−1)l cos(lπnA)] [1− (−1)l cos(lπknB)]
[1− (nA)2] [1− k2(nB)2]2 (nB)
2k2(1− k2), (53)
dE˙gr
dΩ
=
16Gµ2
π
1− 12 (|nA+ knB|+ |nA− knB|)
[1− (nA)2] [1− k2(nB)2]2
[
1− (nB)2] k2,
dE˙em
dΩ
=
4q2µ
π
1− 12 (|nA+ knB|+ |nA− knB|)
[1− (nA)2] [1− k2(nB)2]2 (nB)
2k2(1− k2). (54)
The last two equations for the radiated energy flux into
the solid angle dΩ are obtained after summation over l
with the using of identity [19]
∞∑
l=1
cos(lx)
l2
=
1
4
(x − π)2 − π
2
12
, 0 ≤ x ≤ 2π. (55)
Note, that (53) and (54) are valid for all k, not only for
k ≪ 1. Choosing A = (1, 0, 0) and B = (cosα, sinα, 0)
we find in this case from (43) the corresponding numerical
factors Kgr and Kem:
Kgr =
16
π
∫ pi
0
∫ 2pi
0
dθdφ sin θ
1− [sin θ cos(α− φ)]2
1 + | cosφ sin θ| ,
Kem =
4
π
∫ pi
0
∫ 2pi
0
dθdφ sin θ
[sin θ cos(α− φ)]2
1 + | cosφ sin θ| . (56)
For example, in the particular case of α = π/2 the dou-
ble integrals (56) equal Kgr = 28.3 and Kem = 4 respec-
tively.
C. Stretched loop oscillation
Let us consider now the loop of the following kind
(combination of the first and second cases)
a = A
{
(ξ − π/2) , 0 ≤ ξ ≤ π,
(−ξ + 3π/2) , π ≤ ξ ≤ 2π,
b = k(sin η, − cos η, 0), (57)
where A is the unit vector and k ≪ 1. We will call
this example as the stretched loop See Fig. 2. Substitut-
ing (48) and (52) in (24), and integrating over the unit
sphere, we find
Kgr=
12
π
∫ pi
0
∫ 2pi
0
dθ dφ sin θ cos2 θ
[1 + cos (πnA)]2
1− (nA)2 ,
Kem=
1
2π
∫ pi
0
∫ 2pi
0
dθ dφ sin3θ
[1 + cos (πnA)]2
1− (nA)2 . (58)
For example in the case A = (0, 0, 1) we find Kgr = 7.63
and Kem = 3.
7V. DAMPING OF LOOP OSCILLATIONS
Let us evaluate now the damping time of small am-
plitude oscillations of near stationary chiral strings cor-
responding to the limit k ≪ 1 in (7). For simplicity
we assume that k does not depend on η in the consid-
ered limit (this assumption is held true in the considered
above solvable examples). Then a total loop charge con-
servation in (13) gives
q
√
µ
2
L
√
1− k2 = const. (59)
From this equation we find the relation between energy E
and parameter k of the chiral string with small amplitude
oscillations:
E ≃ Ev
(
1 +
k2
2
)
, (60)
where Ev = Lµ is the energy of the stationary (vorton)
chiral loop configuration at k = 0. Comparing (60) with
(42) we estimate the damping time of string oscillations
τ ∼ Ev
2(KgrGµ2 +Kemq2µ)
. (61)
Let us express (61) through vorton length. We have Ev =
Lµ, where L is the invariant length, and physical length
of a stationary string is equal to half of invariant length
Lph = L/2 [20]. We find
τ ∼ Lph
KgrGµ+Kemq2
. (62)
In the case of the chiral ring with one harmonic (46),
it is naturally to assume, that evolving ring saves its
form (due to symmetry) during the damping of small
amplitude oscillations. In this case therefore we can find
precisely the evolution of the radiating string with time.
Only k varies in time if the shape of the string is invari-
able. Solving together (42) and (60), we find the law of
oscillation damping in the near stationary chiral ring
k2 ≃ k20e−t(1/τ
gr
c
+1/τem
c
), (63)
where k0 = k(t = 0), and correspondingly the damping
time due to gravitational radiation
τgrc =
Ev
2KgrGµ2
=
Lph
KgrGµ
(64)
and due to electromagnetic radiation
τemc =
Ev
2Kemq2µ
=
Lph
Kemq2
. (65)
Substituting (63) in (60) we obtain
E ≃ Ev
[
1 +
k20
2
e−t(1/τ
gr
c
+1/τem
c
)
]
. (66)
An effective number of oscillations during the damping
time (oscillator quality) is
Q =
τ
T
=
2
L
τgrτem
τgr + τem
. (67)
To restore the usual CGS units we replace Gµ2 → Gµ2c,
q2µ → q2µc2/~ and choose standard normalization for
the string mass per unit length Gµ/c2 = 10−6µ6 and
qe = q/e for dimensionless charge carrier on the string,
where elementary electric charge is e = 4.8 × 10−10. As
a result we obtain for damping time
τgr =
Lphc
KgrGµ
, τem =
Lph~
Kemq2
. (68)
The oscillator quality (67) in the cases of the gravita-
tional and electromagnetic radiation are respectively
Qgr =
1
Kgr
c2
Gµ
, Qem =
1
Kem
1
αemq2e
, (69)
with αem = e
2/c~ The ratio of damping times is
τgr/τem ∼ q
2
Gµ~
(
Kem
Kgr
)
≃ 1.4× 10−4 q
2
e
µ6
Kem
Kgr
. (70)
If q2e/µ6 & 1.4 × 10−3, then electromagnetic radiation
prevails in the chiral loop evolution (it is valid for the
standard values of µ6 ∼ 1 and qe ∼ 1). If on the contrary
q2e/µ6 . 1.4 × 10−3 (for example, if a current is neutral
and there is no electromagnetic radiation at all), then
pure gravitational radiation determines the evolution.
Let us estimate a characteristic size of the string Lv
with oscillation damping time (68) equals to the universe
lifetime t0 ≃ 1018 s. In the case of the gravitational
radiation predominance we find
Lgrv ≃
GµKgrt0
c
≃ 102µ6 kpc (71)
for Kgr ∼ 1. So the chiral strings with length L < Lgrv
(i. e. with a size of typical galactic halo or less) have had
enough time to fade into vortons. On the other hand if
the electromagnetic radiation prevails, we have
Lemv ≃
q2Kemt0
~
≃ 70q2e Mpc (72)
for Kem ∼ 1 and so the electromagnetically radiated chi-
ral loops with the length shorter than the size of galactic
clusters have had transformed now to vortons.
VI. DISCUSSION
We have explored the asymptotic fading of chiral cos-
mic string loops into vortons. It turns out that the upper
bound of the gravitational radiation of a near stationary
loop (40) is proportional to the squared third derivative
8of the oscillation amplitude. This result is in qualita-
tive agreement with the known formula for gravitational
radiation in quadruple approximation.
The derived equations (24) and (32) for respectively
the gravitational and electromagnetic power radiation of
oscillating chiral loops are suitable for practical calcula-
tions. We demonstrate that, if oscillations are small in
amplitude (k ≪ 1) and the current jµ is constant along
the string, then the power of the gravitational and elec-
tromagnetic radiation (42) is proportional to k2 and the
coefficient of proportionality depends only on the form of
the loop. For some examples of chiral loops we calculated
the total radiated power in the limit of small amplitude
oscillations. For chiral ring with small amplitude radial
oscillations the radiated power per solid angle dΩ for the
electromagnetic (53) and gravitational (54) radiation is
found analytically.
We estimated the damping time of chiral loops (61)
with small amplitude oscillations. In the case of the
gravitational radiation prevalence this time is τgr ∼
Lph/K
grGµ, whereKgr is a numerical coefficient depend-
ing on the string geometry. The damping time due to the
gravitational radiation of the considered chiral loops is of
the order of magnitude longer than the lifetime of ordi-
nary cosmic strings. If the electromagnetic radiation is
prevail then decay time is τem ∼ Lph/Kemq2. The oscil-
lation energy and amplitude parameter k of the radially
oscillating chiral ring are found to be exponentially de-
caying with time according to respectively (63) and (66).
From the damping time estimation it follows that only
sufficiently long superconducting cosmic strings oscillate
up to the present time. On the contrary the small
scale chiral loops transformed into the stationary vor-
tons due to the oscillation damping. Namely, the mini-
mal length of presently oscillating chiral loop varies from
Lgrv ∼ 102µ6 kpc for gravitational radiation domination
to Lemv ∼ 70q2e Mpc for electromagnetic radiation dom-
ination depending on the relations between µ and q. It
appears that the oscillator quality of chiral loops (69) is
independent on the loop length and is determined only
by the loop shape through geometric parametersKgr and
Kem. For characteristic values of Kgr ∼ 10 and Kem ∼ 1
the corresponding oscillator qualities for the gravitational
and electromagnetic radiation are Qgr ∼ 105/µ6 and
Qem ∼ 137/q2e.
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APPENDIX A: MULTIPLY WOUND RING
Here we calculate the fundamental integrals (22), (23)
and (31) which define the radiated power of the string
for the particular case of multiply wound loop in the
Section IVA. We begin from the consideration of the
following integrals
Islm(x, y) =
1
2π
∫ 2pi
0
dηeil(η+x sinmη+y cosmη) sin η,
Iclm(x, y) =
1
2π
∫ 2pi
0
dηeil(η+x sinmη+y cosmη) cos η. (A1)
The combinations Islm ± Iclm are integrals of the form
Snm(x, y) =
1
2π
∫ 2pi
0
dηeil(η+x sinmη+y cosmη), (A2)
and integral (A2) is expressed as follows
Snm(x, y)=


(
x−iy
r
)n/m
Tnm(nr), r 6= 0,
0, r = 0, n 6= 0,
1, r = 0, n = 0,
(A3)
where r = (x2 + y2)1/2 and
Tnm(r) =
1
2π
∫ 2pi
0
dηei(nη+r sinmη). (A4)
Let n,m are integer. If n = cm, where c is integer,
then replacing η → mη and taking into account, that the
function in integral (A4) is periodic we find
Tnm(r) = Jc(−r), n = cm, n,m, c ∈ Z, (A5)
where Jc is c-th Bessel function. Then integrals (A1) can
be expressed through Bessel functions in the following
way
Isnm = − i
2
(
z∗
r
)c [
z∗
r
Jc+1(−cr)− z
r
Jc−1(−cr)
]
,
Icnm =
1
2
(
z∗
r
)c [
z∗
r
Jc+1(−cr) + z
r
Jc−1(−cr)
]
, (A6)
where z = x + iy and z∗ = x − iy. Let us demonstrate
now that if n 6= cm, where c is integer, then integrals
(A1) equal zero. In other words we need to prove, that
Tnm(r) ≡ 0 if n 6= cm. First of all we note that
f(η) = Im ei(nη+r sinmη) = −f(2π − η) (A7)
and therefore ImTnm(r) ≡ 0. The real part of function
in the integral (A4) is
cosnη cos(r sinmη)− sinnη sin(r sinmη). (A8)
Expansion of cos(r sinmη) and sin(r sinmη) in Taylor
series gives:
cos(r sinmη) =
∞∑
k=0
(−1)k (r sinmη)
2k
2k!
,
sin(r sinmη) =
∞∑
k=0
(−1)k (r sinmη)
2k+1
(2k + 1)!
, (A9)
where for odd and even values of k we have the standard
binomial-like representation
9sinkmη =
(
1
2i
)k−1 [
sin kmη−Ck1 sin(k−2)mη+ ...+(−1)
k−1
2 Ck(k−1)/2 sinmη
]
,
sinkmη =
(−1) k2
2k−1
[
cos kmη+ ...+(−1) k−12 Ck(k−1)/2 cos 2mη
]
+
1
2k
Ckk/2. (A10)
It can be seen that only terms of the kind
∫ 2pi
0
dη sin(nη) sin[(2k + 1)mη],
∫ 2pi
0
dη cos(nη) cos(2kmη), (A11)
enter in the considered series (A9). Using this fact and
(A7) we find, that if n 6= cm, where c is integer, then
integrals (A1) equal zero, what we wanted to prove.
Let us consider the following chiral circular loop:
a =
1
m
(cosmξ − sinmξ),
b =
k
n
(cosnη − cosΦ sinnη − sinΦ sinnη), (A12)
where m,n are integer. For l = κm, where κ is integer,
we obtain (see (A1,A6))
I2(l) =
1
2
cos θ[Jκ+1(−κ sin θ)+Jκ−1(−κ sin θ)]e−iκφ,
I3(l) =
i
2
[Jκ+1(−κ sin θ)−Jκ−1(−κ sin θ)]e−iκφ. (A13)
For all others l we have Ip(l) = 0. Denoting further
x = k sin θ cosφ, y = k(cosΦ sin θ sinφ + sinΦ cos θ),
r = (x2 + y2)1/2, we can write
Y2(l) = k cos θ cosφIcl,n(−x, y)
+k(cosΦ cos θ sinφ− sinΦ sin θ)Isl,n(−x, y),
Y3(l) = −k sinφIcl,n(−x, y) + k cosΦ cosφIsl,n(−x, y),
M(l) = Sl,n(−x, y)
√
1− k2. (A14)
If l = λn, where λ is integer, then Yp 6= 0, M(l) 6=
0, In all other cases Yp = M(l) = 0. As a result: if
l = κm = λn (where κ, λ are integer), then l-th term
in expanding of the energy is nonzero. In all other cases
dE˙grl /dΩ = dE˙
em
l /dΩ = 0. Let λ is minimal integer, such
as κm = λn. From the properties of Bessel functions
Jl(x) =
xl
2ll!
+O(x2), (A15)
it follows for (A3) and (A6) in the first nonzero term of
expansion on k:
Isln =
i
2
(−x− iy)λ−1 (−λ)
λ−1
2λ−1(λ − 1)! ,
Icln =
1
2
(−x− iy)λ−1 (−λ)
λ−1
2λ−1(λ − 1)! ,
Sln = (−x− iy)λ (−λ)
λ
2λ(λ)!
. (A16)
Using (A16), we obtain (A14)
Y2(l) =
k
2
(−x− iy)λ−1 (−λ)
λ−1
2λ−1(λ− 1)! ×
(cos θ cosφ+ i cosΦ cos θ sinφ− i sinΦ sin θ) ,
Y3(l) =
k
2
(−x− iy)λ−1 (−λ)
λ−1
2λ−1(λ− 1)! ×
(− sinφ+ i cosΦ cosφ) ,
M(l) = (−x− iy)λ (−λ)
λ
2λ(λ)!
√
1− k2. (A17)
By substituting (A17) in (24) and (32) we can calcu-
late the corresponding parameter Γ from expressions for
E˙gr = ΓgrGµ2 and E˙em = ΓemGµ2.
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